Statistical Distributions with Discrete Random
Variables

A short reminder from December

Recall from last semester that the expectation of a
random variable can be found using the following:

E(X)=2p;x
i=1

A person plays a game with a pair of coins. If two heads appear then 510 1s won. If a
head and a tail appear then 33 1s won. If two tails appear then 35 1s lost.
a How much would a person expect to win playing this game once?
b If the organiser of the game is allowed to make an average of 51 per game, how
much should be charged to play the game once?




Mean and Standard Deviation of a Discrete Random
Variable

Suppose r; are the possible values of the random vanable X, and f; are the frequencies with

which these values occur.

> fixy

We calculate the population mean as  p — .
> fi
s — 2
the population standard deviation as o = \/E'fi {Eif “) .
and the population variance is o”.
If a discrete random variable has n possible values =y, 2, T3, ..., Ty

with probabilities p1, p2, pa, ....., pn ©of occurmng,

then e the population mean is p =3 xip;

e the population varianceis o2 = Y (x; — u)?p;

e the population standard deviationis o = /> (@ — p)?p;.

The population mean of a discrete random vanable 1s often referred to as the “expected value
of r’ or sometimes as the ‘average value of x in the long run’.

In practice, we can define:
e the mean as E(X) = p= 3 xp; and
e the variance as  Var(X) = o2 = 3 (x; — p)?p; = E(X — p)2,



]

A magazine store recorded the number of magazines purchased by its customers in
one week. 23% purchased one magazine, 38% purchased two, 21% purchased three,
13% purchased four, and 5% purchased five.

a What is the random variable?

b Make a probability table for the random vanable.

¢ Graph the probability distribution using a spike graph.

a The random variable X is the number of (4
magazines sold.
So, r=0,1,2 3, 4o0r5.

i | 0 1 2 3 1 6!
pi [0.0010.2310.3810.2110.13 [ 0.05
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Find the mean and standard deviation of the data of Example 2.

The probability table is: S To i1z 31113

pi |0.000.23]0.38 | 0.21 | 0.13 | 0.05

Now p=73 =;p;
= 0(0.00) + (0.23) +2(0.38) + 3(0.21) + 4(0.13) + 5(0.05)
=2.39

so m the long run, the average number of magazmes purchased per customer
is 2.39.

The standard deviation

o = +/(z: — p)>p;
= /T—239)2x 0.23 + (2 — 2.39)% x 038 + . + (5 — 2.39)2 X 0.05
~ 1.122




A country exports crayfish to overseas markets.
The buyers are prepared to pay high prices when

the crayfish ammive still alive.

If X is the number of deaths per dozen crayfish,
the probability distribution for X is given by:
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P(x;) [ 0.54]0.26

0.15

k

0.01

0.01

(.00

a Fnd k.

b Over a long period, what is the mean number of deaths per dozen crayfish?

¢ Find o, the standard deviation for the probability distribution.

A random variable X has probability distribution given by

P(z) =

r2 +
20

for = =1, 2, 3.

Calculate p and o

for this distnbution.



A random vanable X has probability distribution given by
P(zr) = C*(0.4)(0.6)> = for z=0,1,2, 3.
a Find P(z) for  =0,1, 2 and 3 and display the results i table form.
b Fmnd the mean and standard deviation for the distribution.

An msurance policy covers a 520000 sapphire nng against theft and loss. If it 18 stolen
then the insurance company will pay the policy owner in full. 1If it is lost then they
will pay the owner 58000. From past expenience, the msurance company knows that the
probability of theft 15 0.0025 and of being lost 1s (.03. How much should the company
charge to cover the ring if they want a $100 expected return?




PROPERTIES OF E(X)

If E(X) is the expected value of random variable X then:
e E(k)=Fk forany constant k
e E(kX)=FKE(X) forany constant k

e E(A(X)+ B(X)) =E(A(X)) + E(B(X)) for functions A and B
i.e., the expectation of a sum is the sum of the individual expectations.

These properties enable us to deduce that:
E(5) =5, E(3X)=3E(X) and E(X?+42X+43)=EX?) +2E(X)+3

PROPERTY OF Var(X)
Var(X) = E(X2) — {E(X)}* or Var(X)=E(X2) — p?

Proof: Var(X) = E(X — p)?
=E(X?2-2uX + 42
= E(X?) = 2uE(X) + u? {properties of E(X')}
_E(X?) - 2 42

=E(X?) - p?
_Sxample 9 |
X has probability distribution T 1 2 3 4
Find: pr |01 10304 ]0.2

a the mean of X b the varance of X ¢ the standard deviation of X.

a E(X)=Yap, = 1(0.1) + 2(0.3) + 3(0.4) +|4(0.2)
E(X)=27 so p=27

b E(X?) =Y 2%, =1%(0.1) + 2%(0.3) + 3%(0.4) + 4%(0.2) = 8.1

Var(X) = E(X?) — {E(X)}?
=81-272
=0.81

¢ o=/ Var(X) =09




X has probability distnbution: o 6 - 3

pe | 0.2 kK |04 |01

Fiaml: the value of k b  the mean of X ¢ the vanance of X.
Rt G4 =]
(@ Z po= | 2ntplo
GANTE _E(y) = ZXﬁDxfscaw(o(awzcw&c )

ECN= b4

VAE (x = E(x3)-1EX
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X has probability {llﬁl]'lbl.lllf.}l'l ) 5 3 1
p | 04|03 02|01

Find:
a E(X) b E }H} ¢ Var(X) d o
e E(X+1) f Var(X +1) g E(2X2+3X-7)

(a) EX) = Zmﬁr [(4)+2(.3) 1 3(R)#ECL)
=L

(,(,\ E(X?) = = a4t = /2_(.#”&&(‘3)# 3+
(©) lan(x)= €0C)- )-{ £C0y™



(4) VAR (x+) = € (0 T— )3
LE(X‘)‘%QH\) _ 3%
=e( )+ Qe+ - T
= f + W) +1-9
(9) E(Ax¥43x-T
’ = Qé(x*H&EgX"E”)
= Q(5) +3Q) -7

= 7

X has probability distnbution: - 1 5 3
a Find a and b given that E(X)=2.8. (02 o (03] b

b Hence show that Var(X) = 1.26.
Zﬂox: L R4t 3+A

E(X>:°zg | = ,5‘+a.-!~/?/\

Q‘g:ZN‘f’\b @ ,S:A/‘f'/er—a"(s-
e = 1)+ 20 +3(3)+ 44 X
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0@ 2 = () +R at 33(3)r ¢ -Qn
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Suppose X 1s the number of marsupials entering a
park at night. It is suspected that X has a probability
distribution of the form
P(X =z)=a(z® - 8z) where X =0,1,2,3, ... 8.
a Find the constant a.
b Find the expected number of marsupials entermng
the park on a given night.

¢ Find the standard deviation of X.

need 2 PX)=1
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