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When the terms of a sequence are added, the resulting
expression is a series. A series can be finite or infinite.

FINITE SEQUENCE INFINITE SEQUENCE
3,6,9,12, 15 3.6,9, 12,15, ...
FINITE SERIES INFINITE SERIES
3+6+9+12+15 3+6+94+12+15+...

The sum of the first n terms of a sequence is:
S, =u +u, tu+...tu,

For example:

Find the sum of the first five terms of the series {3n} for
n=1,2,3,4,5

Our arithmetic sequence 1s: 3, 6,9, 12, 15.

Our arithmetic series is:
S=3+6+9+12+15

S=45

An arithmetic series 1s the addition of successive terms of
an arithmetic sequence.



The Famous Gauss Series Story

[Gauss 1s a famous mathematician! (1777-1855)]
The story told is that when Gauss was about 10 years old,
he was disruptive in class. He cheesed off his teacher, so
the teacher told him to sum up the first 100 numbers.
Namely, 14+243+...4100. In less than a minute, Gauss
blurted out the correct answer. [5050]

How did he do it?
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We can use a similar trick to sum any arithmetic series.

The terms of any arithmetic sequence can be written as:
u, utd, u, +2d, u+3d, u, +44d, ...

To find the sum of the first n terms [S , Jwe would add the
following:

w, +(u, +d)+(u, +2d)+w, +3d)+..+(u, —2d)+ @, —d)+u
N+ Up a My 4 Ny +

Let’s do so rearranging [like Gauss did]:

S =u +(u, —2d)+u,~d)+..+w, +2d)+u, +d)+u,

n



Now add the two sums together and solve for §,

28 =n(u+u,)

n

n

Let’s see if this works for the Gauss problem.

S =14+2+3+...+98+99+100
In this problem, n =100, u, =1, u,,, =100

S0 = %(IHOO)

S 00 = 50(101)
S 5 = 5050

Picture from Wikipedia



Johann Carl Friedrich Gauss

Carl Friedrich Gaus=s, paintsd by Chriztian Albrecht Jenzen

Gauss, what a guy!

Note: If you don’t know the last term of the sequence, then
you can always use our handy formula u, =u,+(n—1)d

So, an alternate formula for an arithmetic series would be:

S, = g(u1 +u,) now substitute u, =u,+(n—1)d
Snzg(2u1+(n—1)d) 5n ll (4/{ +7/‘+(/! >oQ >
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Let’s try some problems!



(1) Find the number of terms in the following series and
then find the sum

1+345+7+...499
This 1s an arithmetic series with u,=1 and u, =99

The value of d =2

Let’s find n first:; T‘d’
| of

u, =99 ‘5 {/}/
o

99 =u,+(n—1)d r\ m&
99=1+(n—1)(2) NV /ﬁf
99=1+2n-2

99 =2n-1

n=>50

Now we can find the sum.

We can use S, :g(u1 +u,)

S = 5—20(1+99)

S ., =25(100)
S ., = 2500



(2) Find the sum of 8+11+14+17+... to 50 terms

This 1s an arithmetic series with u;, =8 and d =3
We know that n =50, so we can either find u, or just use
our alternate formula.

Let’s try our alternate formula!

Sn:g 2u, +(n—1)d)

$ 0= 2 (208)+(50-1)3)

S o, =25(16+(49)(3))
S ,=4075

(3) An arithmetic sequence has a common difference of 7
and u ;=53 . Find §,.

We'll need to find u, first because it 1s necessary 1in either
formula.

We can use: u, =u,+(n—1)d
u,=u, +(11-1)d
53 =u, +10)(7)
— 17 =u,



(2u, +(n—1)d ) to find S 19

n n 4

Now we canuse S =

N | S

S1= %(z<-17>+(19—1)(7»
S, =874

Let’s take a look at #5 on page 53 of our textbook.

5 | A bricklaver bmlds a tmangular wall with lavers
of bricks as shown. If the bricklayer uses 171

| | | | | bricks, how many lavers are placed?

We know thatS =171, d =1, and u,=1. We need to find n.
Sn:g (2u, +(n—1)d )

171=g(2(1)+(n—1)(1))

n
171==(1+n
5 {1+ m)

342 =n(1+n)

342=n*+n

n°+n-342=0 Now we can solve for 7.
(n+18)(n—17)=0
Since we can not have negative rows, then n =17



And now for something slightly different, let’s consider

page 53 #8.
Prove that the sum of the first n positive integers is
n(n+1) n(n+1)

or show that 1+2+3+...4+n=

We know that d =1, u,=1, and that there are n integers

Sn:g (2u, +(n—1)d )

s ="+ -1 N

. 2( M +(n-1)1)) R — o))

S =g(2+n—1) K=1 2—
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Homework: page 53 #2,3,6,7,9, 11



2 Find the sum of;

a 5+8+411+144...+ 101

b 504491 + 49+ 481 + ... 4+ (—20)
1 « 1 ¥

¢ 8+ 102 +13+153+....+83

3  An arithmetic series has seven terms. The first term i1s 5 and the last term 1s 53. Find
the sum of the series.

& Each section of a soccer stadium has 44 rows with 22 seats in the first row, 23 in the
second row, 24 in the third row, and so on. How many seats are there
a inrow 44

b in a section

¢ at a stadium which has 25 sections?

7 Find the sum of:
a the first 50 multiples of 11

b the multiples of 7 between 0 and 1000
¢ the integers between 1 and 100 which are not divisible by 3.

9 Consider the series of odd numbers 14345474+ ...
a What is the nth odd number, that is, u,?
b Prove that “the sum of the first n odd numbers is n* ™.
¢ Check your answer to b by finding 5;, 55, S3 and 5.

11 Three consecutive terms of an arithmetic sequence have a sum of 12 and a product of
—80.  Find the terms. (Hint: Letthe termsbe =z —d, = and = +4d.)



