Tangents, smangents!
[Estimating a tangent or approximating with a tangent]
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Check out my tan line, .
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Let’s start by graphing my favorite function
y= x> and use the “Zoom Decimal” window
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Now find and then graph the tangent to the graph at the

point (1, 1) ( >
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Now let’s zoom in at the point (1, 1)
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What do you notice?

Differentiable functions are “locally linear”. If a function is
differentiable at the point (a, f(a)), then it resembles its
own tangent line at the point of tangency.

[Remember that at the point (0, 0) on the graph of y=| x|,

the “sharp point” remains sharp no matter how many times
we “zoomed in”.]

Why 1s this useful?

It 1s easier to evaluate values of a linear function. So for
values of x near the point of tangency, we can just use the
tangent line equation to approximate values of the function.
This 1s even more useful when you don’t have a function to
work with.



X =15 | —10 | —05 0 0.5 1.0 1.5

Let f be a function that is difterentiable for all real numbers. The table above gives the values
of fand its derivative f' for selected points x in losed interval —1.5 = x = 1.5. The

second derivative of f has the property that f"(x) > 0 for —1.5 = x = 1.5 (s CuNCsue gf
Write an equation of the line tangent to the graph of f at

the point where Use this line to approximate the
value of £(1.2). Will this approximation be an under- or

over-estimate of the actual value?
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Let f be a differentiable function. Estimate f(2.1) given
that f(2)=1and 7'(2)=3
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Find the equation of the tangent line to y=sin x at the origin
and use it to find an estimation of sin(0.12)

[After finding the estimated value, check to see how close it
1s to the actual value]
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Using tables to find estimations

Let y(f) represent the temperature of a pie that has been removed from a 450°F oven

and left to cool in a room with a temperature of 72°F, where y is a differentiable
function of f. The table below shows the temperature recorded every five minutes.

f(min) 0 5 10 15 20 25 30
}-‘(I')I[“Fj 450 388 338 292 257 226 200

Use data from the table to find an approximation for y'(18)
and explain the meaning of )/(18) in terms of the

temperature of the pie. Show the computations that lead to
your answer and indicate units of measure.
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Let y (f) represent the population of a town over a 20-year period, where y is a

differentiable function of t. The table below shows the population recorded at selected
times.

t (yrs) 0o [ 4 [10] 13 ] 20
¥(t) (people) | 2500 | 2724 | 3108 | 3697 | 4283

Use data from the table to find an approximation for y'(li), and explain the

meaning of _1-"(12) in terms of the population of the town. Show the computations

that lead to your answer.
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L
ia) Find all values of x in the intsrra][ which the graph of g has a horizontal tangent line.

(b} On what subintervals of (0.12, 1}, if any, is the graph of g concave down? Justify yvour answer.

2. The function g is defined for x > 0 with g(l1) =2, g'(x) = sin |'.1- . l| and g”(x) = | | - Lﬁ .|crr-5|'.1- . —||
: ) \ x) AR 2 | \ ¥

(c) Write an equation for the line tangent to the graph of g at x = (0.3,

id) Does the line tangent to the graph of g at ¥ = 0.3 lie above or below the graph of g for 0.3 < x < 17
Why?
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Pesky “Tan” Lines - 2010201 1tanlines.doc
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Examples from class.
x —-1.5 | =10 | =05 0 0.5 1.0 1.5
flx) -1 —4 -6 | —7 -6 | —4 | —1
f(x) -7 -5 -3 0 3 5 7

Let f be a function that is difterentiable for all real numbers. The table above gives the values
of fand its derivative f' for selected points x in the closed interval —1.5 = x = 1.5. The
second derivative of f has the property that f"(x) > 0 for —1.5 = x = L.5.
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Let y(t) represent the temperature of a pie that has been removed from a 450°F oven

and left to cool in a room with a temperature of 72°F, where y is a differentiable
function of t. The table below shows the temperature recorded every five minutes.

t({min) 0 5 10 15 20 25 30
y(f)(”F} 450 | 388 | 338 | 202 | 257 | 226 | 200
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Let y (r‘) represent the population of a town over a 20-year period, where y is a

differentiable function of t. The table below shows the population recorded at selected
times.

t (yrs) 0o [ 4 [10] 13 ] 20
¥(t) (people) | 2500 | 2724 | 3108 | 3697 | 4283

Use data from the table to find an approximation for y'(lz), and explain the

meaning of _}:’(]2) in terms of the population of the town. Show the computations

that lead to your answer.
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2. The function g is defined for x > 0 with g(1) =2, g'{x) = sit1|'_r . l| and g”(x) = | 1 - Lﬂ ||:r:5|'_r . L|
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ia) Find all values of x in the interval 0.12 £ x = | at which the graph of g has a horizontal tangent line.
(b} On what subintervals of (0.12, 1}, if any, is the graph of g concave down? Justify yvour answer.
(c) Write an equation for the line tangent to the graph of g at x = (0.3,

id) Does the line tangent to the graph of g at ¥ = 0.3 lie above or below the graph of g for 0.3 < x < 17
Why?



Homework Problems
Please do these problems on a separate piece of paper
Show ALL steps

1. Consider the differential equation % = I)j where y = 0. Write the equation of the tangent line

to the solution curve that passes through the point (3, —1) and use it to approximate f(2.9)

2 Let f be the function given by f(X) = X —6xX% +Tx+3. Write the equation of the tangent
line to the graph at x=4 and use it to approximate [ (4.2). Then, determine whether this
approximation is an under- or over-estimate by using the second derivative.
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Car A has positive velocity 4 ( ) as it travels on a straight road, where "4 isa
differentiable function of f. The velocity is recorded for selected values over the time
interval 0=17 =10 geconds, as shown in the table below.

t (sec) 0 2 5 7 10
v, (I)ft;‘sec) 0 9 6 | 61 | 115

a. Use data from the table to approximate the acceleration of Car A at f = 8 seconds.
Indicate units of measure.



Rii)
= 10 ot R(t)
,E 60 (minutes) | (gallons per minute)
g 50 0 20
& a0 30 30
£y I
B 20
E 10 70 65

0 —t——t—+—+——+—+———+—= [ fal i

100200 30 40 50 60 70 8D 90

Time

The rate of fuel consumption, in gallons per minute, recorded during an airplane flight is
given by a twice-differentiable and strictly increasing function R of time t. The graph of R
and a table of selected values of R(f) for the time interval 0 = = 90 minutes are shown
above.

{a) Use data from the table to find an approximation for R'(435). Show the computations
that led to your answer. Indicate units of measure.
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6. Solutions to the differential equation ':!— = xy* also satisfy —= = v* (1 + 3x7v?). Let y = f(x) be a particular
X ax” ) !

. e . . 1y T
solution to the differential equation :f_r = xy" with f{l) = 2.

{a} Write an equation for the line tangent to the graph of ¥ = f{x) at x = L.

ib) Use the tangent line equation from part (a) to approximate f(1.1). Giventhat f(x) >0 for 1 < x < 1.1, is
the approximation for f(1.1) greater than or less than (1.1} 7 Explain your reasoning.



