2009 FTC and Accumulation Function [Chapter Four] 2010ftc.doc

1. 2008 AB2 “Concert ticket problem” [calculator-friendly]

t (hours) {0 1 3 4 7 8 9

Lit) ipeople) | 120 | 56 176 126 L 50 80 0

Concert tickets went on sale at noon (¢ = 0) and were sold out within 9 hours. The number of people waiting
in line to purchase tickets at time f is modeled by a twice-differentiable function L for 0 =t £ 9. Values
of L(t) at various times ¢ are shown in the table above.

ia) Use the data in the table to estimate the rate at which the number of people waiting in line was changing
at 5:30 .M. (¢t = 5.5). Show the computations that lead to your answer. Indicate units of measure.

ib) Use a trapezoidal sum with three subintervals to estimate the average number of people waiting in line
during the first 4 hours that tickets were on sale.

(c) For 0< < 0, what is the fewest number of times at which L'(t) must equal 0 7 Give a reason for your
ANSWEL.

2. 2008 AB4B [non-calculator]

N . . £ .
The functions f and g are given by f{x) = J V4 4+ * dr and g(x) = fisin x).
i
(a) Find f(x) and g'(x).
(b) Write an equation for the line tangent to the graph of v = g(x) at x = 7.
(e} Write, but do not evaluate, an integral expression that represents the maximum value of g on the interval

0= x = x. Justify your answer.

3. 2005 ABS [non-calculator]
(i)
T 200 (16,20)
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£ 204
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25 157
% 2 104
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5 54
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Time (seconds)

A car is traveling on a straight road. For 0 < 7 £ 24 seconds, the car’s velocity v(¢). in meters per second, is
modeled by the piecewise-linear function defined by the graph above.

24 4
(a) Find jﬂ v(f) dt. Using correct units, explain the meaning of ,[3 v(t) dt.



4. 2008 AB5B [non-calculator]

4,-2)

(-3, -4

Graph of g’

Let g be a continuous function with g(2) = 5. The graph of the piecewise-linear function g’, the derivative

of g, is shown above for =3 < x £ 7.

(a) Find the x-coordinate of all points of inflection of the graph of v = g(x) for =3 < x < 7. Justify your
answer.

ib) Find the absolute maximum value of g on the interval =3 = x = 7. Justify your answer.

(c) Find the average rate of change of g(x) on the interval =3 < x < 7.

(d) Find the average rate of change of g’(x) on the interval =3 £ x £ 7. Does the Mean Value Theorem
applied on the interval =3 < x < 7 guarantee a value of ¢, for =3 < ¢ < 7, such that g"(c) is equal to this
average rate of change? Why or why not?

t
e If f(x)= J. g '(t) dt , then what is the value of f (2) [T added this part]
-1
5. 2006 AB4 [non-calculator]
. ! 0 10 20 Al 40 50 60 70 R{N
(seconds)
) 5 14 | 22 | 20 | 35 | 40 | 44 | 47 | a0
ifeet per second)

Rocket A has positive velocity v(t) after being launched upward from an initial height of 0 feet at time t = 0
seconds. The velocity of the rocket is recorded for selected values of ¢ over the interval 0 = ¢ = 80 seconds, as
shown in the table above.

ia) Find the average acceleration of rocket A over the time interval 0 = ¢ = 80 seconds. Indicate units of
measure.

0 _ ] . L
ib) Using correct units, explain the meaning of LD v(t) df in terms of the rocket’s flight. Use a midpoint

70
Riemann sum with 3 subintervals of equal length to approximate L_ v(t) dt.
]



6. 2007AB3 [calculator-friendly]

x| Alx) [ Fx) | oelx) | ef(x)
l 6 4 2 5
2 g 2 3 |
3 [0 —4 4 2
4 -1 3 6 7

The functions [ and g are differentiable for all real numbers, and g is strictly increasing. The table above
gives values of the functions and their first derivatives at selected values of x. The function £ is given by
hix) = flglx)) — 6.

(a) Explain why there must be a value r for 1 < r < 3 such that Alr) = =5,

ib) Explain why there must be a value ¢ for 1 < ¢ < 3 such that #'(c) = -5.

. i i P 0 X) E i . P
(¢) Let w be the function given by wix) = 11 flr) dt. Find the value of w'(3).

7. 2007 ABS [non-calculator] In honor of Colorado’s “balloon boy”
Let’s do part (b) and (d) now

! 0 2 5 7 | 12
(minutes)
i t) -
T 57 | 40 | 20 | 12 | 06 | 05
(Teel per minute)

. The volume of a spherical hot air balloon expands as the air inside the balloon is heated. The radius of the
balloon, in feet, is moedeled by a twice-differentiable function » of time f, where ¢ is measured in minutes. For
0 <t <« 12, the graph of r is concave down. The table above gives selected values of the rate of change, r'(1),
of the radius of the balloon over the time interval 0 < ¢ = 12, The radius of the balloon is 30 feet when ¢ = 5.

k)

(Mote: The volume of a sphere of radius r is given by V = —xr7.)

1| =

(a) Estimate the radius of the balloon when ¢ = 5.4 using the tangent line approximation at ¢ = 5. Is your
estimate greater than or less than the true value? Give a reason for your answer.

(b) Find the rate of change of the volume of the balloon with respect to time when ¢ = 5. Indicate units of
measure.

() Use aright Riemann sum with the five subintervals indicated by the data in the table to approximate
.12

= - . . . . - ‘I'E 'y . - . -
— ¢'(r) dr. Using correct units, explain the meaning of 1!:1 r'(t) dt interms of the radius of the balloon.

Iy

12
(d) Is your approximation in part (c) greater than or less than J #'(t) dt T Give a reason for your answer.



8. 2007 AB4 [non-calculator]

(2,2)

Graph of [

. Let f be a function defined on the closed interval —3 = x = 5 with f{l) = 3. The graph of j*, the derivative
of f. consists of two semicircles and two line segments, as shown above,

ia) For =5 < x = 5, find all values x at which f has a relative maximum. Justify your answer.
ib) For =5 < x < 5, find all values x at which the graph of f has a point of inflection. Justify your answer.
ic) Find all intervals on which the graph of f is concave up and also has positive slope. Explain your reasoning.

(d) Find the absolute minimum value of f{x) over the closed interval -5 = x = 5. Explain your reasoning.

Hint for part (d): Don’t forget the endpoints and consider how to find values of f with integration

9. 2006 AB3 ‘““Periodic Trapezoid Problem’ [non-calculator]

(-3.2) (-2,2) 5 (2.2) (3,2)

e
el

Graph of f

. The graph of the function f shown above consists of six line segments. Let g be the function given
. x .
by g(x) = [ r(t) .
(a) Find g{4), g"(4). and g"(4).
(b} Does g have a relative minimum, a relative maximum, or neither at x =17 Justify your answer.

ic) Suppose that f is defined for all real numbers x and is periodic with a period of length 5. The graph above

shows two periods of f. Given that g(5) = 2, find g(10) and write an equation for the line tangent to the
graph of g at x = 108,



Some multiple-choice questions to practice:

5. 1985 AB42

A [ TN1+£2de =
dx Bl 2
(A) — . B)Vi+x2 =5  (C) y1+x2
V14 x
1 1
(E)

Exffl +x° E‘u'lg

6. 1988 AB13

X 1
(D) —=——F
V1+x? \'{g

If the function f has a continuous derivative on [{].c], then | . fx)de=

A) flO-fO)  ®)|f@-FO)  (©) f©
(E) f"(c) - f7(0)
8. 1988 BCl14
If F(x)= |1Jr N1+ £ dt, then F'(x)=
(A) 2331+ x8 (B) 21+ 1 (C) V1+x®
- 32
(E) dr
i W1+
9, 1993 AB41

9" cos(amu)d
— | cos(2mu)du is
dxd l:l'

|
(B) —smx

(A) O e

(D) f(x)+c

(D)VI+x°

(C) %ms(zm) (D) cos(2mx)  (E) 2mcos(2mx)



11. 1997 AB78
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-3
The graph of fis shown in the figure above. If J | f(x)dx=23 and F'(x)= f(x),
then F(3)— F{0)=

(A)03 (B)13 (C) 33 (D) 43 (E) 53

20. 2003 AB22

Y

0

The graph of [, the derivative of f, is the line shown in the tigure above. If f{0) = 5,
then f(1) =

(A)0 (B)3 (C)6 (D)8 (E)1l



