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The amount of water in a storage tank, in gallons, is modeled by a continuous funciion on the time interval
0 <1 <7, where ¢ is measured in hours. In this model, rates are given as follows:

(i) The rate at which water enters the tank is f(t) = 10072 sin[JI_j gallons per hour for 0 = ¢ = 7.

(i1) The rate at which water leaves the tank is

J’ 250 for0 <t <3

rallons per hour.
[2000 for3 <r=7 g !

2lt) =
The graphs of f and g, which intersect at ¢+ = 1.617 and ¢ = 5.076, are shown in the figure above. At time
t = 0, the amount of water in the tank is 5000 gallons.

(a) How many gallons of water enter the tank during the time interval 0 = ¢ = 7 7 Round your answer to the
nearest gallon.

7
[ £(t) dr =~8264gallons
0

(b) For 0= ¢ = 7, find the time intervals during which the amount of water in the tank is decreasing. Give a
reason for each answer.

The amount of water [wudder] in the tank is decreasing on the intervals 0 < ¢t < 1.617 and
3 < t £ 5.076 because during those time intervals f (1)< g (¢). [Ilooked at the graph and

found where the rate at which water entering the tank is less than the rate at which water is leaving
the tank]

(¢) For 0= ¢ =7, at what time £ is the amount of water in the tank greatest? To the nearest gallon, compute the
amount of water at this time. Justify your answer.

[Ack! This is a closed interval so we must remember to check the endpoints!]

[First we need to find any candidates other than the endpoints. ]
Attime t =3 f (t)— g (t) changes from positive to negative values.

[Now to find the amount of water in the tank at time t =0, t=3,¢t=7]

Amount at time ¢ =0 is 5000 gallons [given]



Amount at time ¢ =3

3 3
5000+ [ f (¢) dr — [250 dr ~5126.591 gallons
0 0

[Initial amount + amount that entered — amount that left the tank

Amount of water in the tank at r =7

7 7
5126.591+ [ f (1)dit— [2000dt = 4513.807 gallons
3 3

[Amount at time ¢ = 3 + amount that entered during 3 < ¢ < 7 minus the amount that left the tank
during 3< < 7]

Hence, the amount of water is the greatest at time ¢ =3 hours. At that time, the amount of water
in the tank to the nearest gallon is 5127 gallons.

[Note: Yes, they did penalize if you did not have your answer to the “nearest gallon’]

x| flx) [ F(x) | e(x) |g7(x)
I 6 4 2 5
2 9 2 3 l
3 10 -4 4 2
4 -1 3 6 7

The functions f and g are differentiable for all real numbers, and g is strictly increasing. The table above
gives values of the functions and their first derivatives at selected values of x. The function £ is given by
hix)= flglx)) - 6.

(a) Explain why there must be a value r for 1 < r < 3 such that i(r) = -5.

h(1)=f(g(1))-6=3

h(3)=f(s(3))-6=-7
Since h is continuous, then by the Intermediate Value Theorem there exists a value 7, 1 < r <3
such that —7 < h(r) < 3 and since —7<—5<3 then there must be a value r, 1 < r < 3 such
that h(r)= -5

(b) Explain why there must be a value ¢ for 1 < ¢ < 3 such that i'(c) = =5.



h(3)—h() w

By the Mean Value Theorem there is a value ¢, 1 < ¢ < 3, such that 4'(c) = hich

-7-3

equals = —5. Hence, there is a value ¢, 1 < ¢ < 3 such that A'(c)=-5.

rEIX) . ) P
(c) Let w be the function given by wix) = 'I flt) dr. Find the value of w'(3).

d g(x) d
wx)=—- { f@)dt= f(g(X))ag(x)

So, w'(x) = f(g(x))g " (x)
Then, w'(3)= f (g(3))s'(3)=-2
(d) 1f g~ is the inverse function of g, write an equation for the line tangent to the graph of y = 27 (x)
at x = 2.

[What do we need? A point and a slope]

To find the point: g()=2s0 g (2)=1
To find the slope: (g_l) '(2)= 'L :l
g'M 5

1
So, our point is (2,1) and the slope of the tangent line is —

1
Hence, the equation of the tangent line is y—1=—(x—2)

The rate at which people enter an auditorium for a rock concert is modeled by the function R given by

y) =3 - . . P . .
Ri(r) = 13806~ —675¢7 for 0 = ¢ = 2 hours: R(t) is measured in people per hour. No one is in the auditorium
at time ¢ = 0, when the doors open. The doors close and the concert begins at time = 2.

(a) How many people are in the auditorium when the concert begins?

2
_[R (t) dt =980 people [you can’t have a partial person!]
0



(b) Find the time when the rate at which people enter the auditorium is a maximum. Justify your answer.
[First find the critical values]
R'(t)=0 when t=0 and t =1.36296

Let A=1.36296
[Remember that you must check the endpoints!]

R(0)=0
R(A)=854.527
R(2)=120

Hence, the maximum rate occurs when ¢ =1.36296

(¢) The total wait time for all the people in the auditorium is found by adding the time each person waits,
starting at the time the person enters the auditorium and ending when the concert begins. The function w
maodels the total wait time for all the people who enter the auditorium before time f. The derivative of w is
given by w'(f) = (2 —t)R(t). Find w(2) — w(l), the total wait time for those who enter the auditorium
after ime ¢ = 1.

2
w(2)—w(l)=[w'(r) dt
1

(2—1)R @)t

= 387.5

Hence, the total wait time for those who enter the auditorium after time ¢ =1hour is 387.5 hours.

—_— N

(d) On average, how long does a person wait in the auditorium for the concert to begin? Consider all people
who enter the auditorium after the doors open, and use the model for total wait time from part (c).

[This one is really tricky!]

1 12
%(W(z))— %O(z—f)(R (t))dt
=0.77551

Hence, on average, a person waits 0.77551 hours.

The non-calculator free response
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Let f be a function that is twice differentiable for all real numbers. The table above gives values of f for
selected points in the closed interval 2 £ x = 3.

(a) Estimate f'(4). Show the work that leads to your answer.

fO-f0G)

5-3 [Yes, you must have the difference quotient]

f(d)=
=-3

|3 )
(b) Evaluate J1 (3 =5f"(x)) dv. Show the work that leads to your answer.

[Remember to use the rules of integration!]

13 13 13
[B=5f"'(x)) dx= [3dx —5[f"(x)dx
2 2 1z 2

éx\ -5 E“@”‘]

E:bq Gl ‘5{?“6(3) «@&33
=9

13
(¢) Use a left Riemann sum with subintervals indicated by the data in the table to approximate j’) flx)dx.

J\

Show the work that leads to your answer.
13
J £ o) dx= (O(F(2))+(2)(F(3)+B)f(5)+(5)f(®) =18
[Remember to show that you are using function values for the heights of your rectangles]

(d) Suppose f'(5)=3 and f"(x) < 0 forall x inthe closed interval 5 = v = 8. Use the line tangent to the
graph of fat x =5 to show that f(7) = 4. Use the secant line for the graph of fon 5= x £ 8 to show

that f(7) =z

wl;—

The equation of the tangent line at x =5 is: y+2=3(x—5)
Since f''(x) <0, then the graph of f is concave down and the tangent line will lie above the

curve forall x, 5< x <8 .



To estimate f(7):y+2=3 (7 — 5), hence f (7)=4 which would mean that f (7)< 4 [because
the tangent line is above the curve]

_f®-f5)_5
sec 8—5 3

5
The equation of the secant line between x=5 and x=8: y—-3==(x—8)

First find the slope of the secant line:

OR y+2=§(x—5)

Since f''(x) < Ofor x, x, 5 < x <8, the secant line lies below the graph of

Jf ().

To estimate f (7) using the secant line: y+2= % (7 - 5)

yzg

4
Since the secant line is below the graph, then f (7) = 3
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The velocity of a particle moving along the x-axis is modeled by a differentiable function v, where the position x
is measured in meters, and time ¢ is measured in seconds. Selected values of v(f) are given in the table above.
The particle is at position x = 7 meters when ¢ = 0 seconds,

(a) Estimate the acceleration of the particle at t = 36 seconds. Show the computations that lead to your answer.
Indicate units of measure.

a(t)=v'(t)
4 (36) zv(40)—v(32)
40-32
_7-(-4)
-8
_ 11 meters

8 (sec)2

. . . . | 40 . . .
(b) Using correct units, explain the meaning of L v(r) dr in the context of this problem. Use a trapezoidal sum
0
. . o ) . 40
with the three subintervals indicated by the data in the table to approximate Ln vir) de.
L



20 . L . o .
LG v{t) dt 1s the particle’s change in position in meters from time

t = 20 seconds to time ¢ = 40 seconds.

v(20) +w(25) 5. v(25) +w(32) T4 v(32) +v(40)
2 2 2
= —75 meters

8

4]
[, V() dt =

ic) For 0 =t = 40, must the particle change direction in any of the subintervals indicated by the data in the
table? If so, identify the subintervals and explain your reasoning. If not. explain why not.

w{8) = 0 and v{20) = 0

v(32) < 0 and v(40) > 0

Therefore, the particle changes direction in the mtervals
Bt 20and 32 << 40

Suppose that the acceleration of the particle is positive for 0 < r < 8 seconds. Explain why the position of
the particle at £ = 8 seconds must be greater than x = 30 meters,

Since vi(t) = a(r) > 0 for 0 <t <8, () = 3 on this interval.

Therefore, x(8) = x(0) + |;v{z‘}dr =7+8-3 =30

l+y
—. where x = 0.

Consider the differential equation ;r—l =

(a) On the axes provided, sketch a slope field for the given differential equation at the eight points indicated.




b) Find the particul 1 F(x) to the differential eq h the I condition f(—1) =1 and
state its domz
% = _’i_zé*/
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