Introduction to Integration
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Whose derivative 1s 5x 7

If f'(x)= 5x*, then f(x)= x> +C, where Ce real
numbers.

Because: If f (x)= x>, then f'(x)= 5x"
If f(x)=x"+3,then f'(x)=5x"
If f(x)=x"—4,then f'(x)=5x"

Definition of an anti-derivative:
A function F is an anti-derivative of f on an interval [ if

F'(x)= f(x) for all xin 1.

Consider f(x)=2x < IS come FUNCTion's Meciyptive

Let F (x) be an anti-derivative of f (x).

Then F (x) = x* +C, Ce real numbers
Think of F (x) as the family of functions whose derivative
1s equal to 2x

If f(x)=2xand f (x) is a derivative of F (x), then we can

say that % =2x D/FF Z@

This is called a differential equation.



Our first differential equation:
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Then  y=5x+C d7\ &53(
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y = F(x)+C fer imTIV &

1s an integral sign

: f (x)dx 1s called an indefinite integral.

J We will also learn definite integrals.

Indefinite integral is a synonym for anti-derivative. Finding
the anti-derivative is called anti-differentiating or is called
integrating.



In general, for Ce real numbers
[F'(x)dx=F(x)+ C
OR

..f(x)dxz F(x)+ C
OR

If'(x)dx=f(x)+CD

J' The solution to our indefinite integral 1s a family of
functions. If you forget your “+C”, then you are a
“chucklehead”! Don’t be a chucklehead! Remember, FHS

Calc AB — we’re smart and we’re pretty! NO chuckleheads
here!

See page 250 for Rules of Integration [They are similar to
our Rules of Differentiation.]
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Now 1n action! [How can we check our answer?]

j —2dx=-2x+C

Skdx = RxrC

w/
[17dx=17x+C

e (R X =T

[5f'(x)dx=5f(x)+C

[k Qhadx =4 6ATC



j3x2dxn=x3+C
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We can think of this as:

3
7jx2dx: 7{); + C}
m& 7x°

REGAIN  _ o C
Remember, C is a non-specified constant
Some handy tricks:
Rewriting as x”"
Simplifying if it helps

I x dx can be rewritten as 6
6

, N
jx5dx=%+C (97% @ )< 7I,C
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1 :
j — dx can be rewritten as

X
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[ x(x*=3) dx can be simplified

j(x4 —3x)dx=x?5 — 3{);2]+ C

I [
.[ ( 7.3 j dx can be rewritten as 7 . | >< 3 |
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Note: Do not fall in love with the integral sign!

Try on your own:
Page 255 #15, 17, 21, 23, 27, 29, 33
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More integration! See page 250

jcosx dx= sinx+C

[sinx dx=—cosx+C B/S/NXGQX = (CO5X

(sec’ x dx= tanx+C

secxtanx dx=secx+C



chgQQ\X(JZX = st

&&cwﬁxix = Coen 40

(csc? x dx=—cotx+C

cscxcotxdx=—-—cscx+C

The same rules apply for trigonometric integrals — constant
multiple rules, sum or difference rule

szeczx dx =@jsec2x dx=5tanx+C

Cme

[(36° +cos6) db

=3[6° df + [cos8 d
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Knowing your trig really helps!
: sin@(3+csc@) d6 Why not simplify first?
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Here’s a good one!
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More “diff EQ”

Let @:4x where my initial condition is that f (0) =6

dx
@:4)6
dx _
dy = 4x dx  STUPRATE
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Bé&g = S@LX dr

y+C, =2x" +C,
Combine the constants into one constant, call it C and since
we are solving for ay, place the constant on the side with x

y=2x"+C
Now use our initial condition to solve the particular
solution [rather than a general solution]

To find C use f (O)Qn our general solution

6=0+C /MXZ_O@
J

2
Hence, f(x)=2x + 6

This 1s the particular solution that fulfills all of the given
information.

Let’s try this one:

%: 6x> With our initial condition f(0)= -1

S%:éxc’?oﬂx JexX= 0



Now let’s see how we can use this in a physics setting. See
page 257 #67
A ball 1s thrown vertically upward from a height of 6 feet

with an 1initial velocity of 60 feet per second. How high
will the ball go?

— i<
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Given: a (t)=—-32 > v(0) =60 —— , s(0) =6 feet
__SeCT_ mné-sec /1 Jgﬁsﬁnw

We know that a () =v'(t) sov(t) = ja(t)dt Ixbedl

v(n)=| -32dt
v(t)=-32t+C
Now we need to use our initial conditions to find C D
Since v (0) = 60, then 60 = —32(0)+ C V =00
Hence, C =60

So, v(t)= —32t+60

We are still looking for the maximum height so we will
eventually need a position function.



Since v (¢) =s'(¢), then s(¢) =IV(I) dt e dx 4

s (t) =] (=32t +60)ds
s(t)=—16t* +60t + C

Once again, use our initial condition to find C.

Since 5(0) =6, then 6= —16(0)+600)+C _{pt. =0
Hence, C =6 JJ:@

So, s(t)=—16t* +60t +6

QAR fo5T760 funclioV

Now to answer the question. To find maximum height we
first need to let v(¢) =0

0=-32r+60
t =1.875 seconds

At t =1.875, v(t) changes from positive to negative values
so t = 1.875 will give us a relative maximum value.

s (1.875) =62.25 feet is our maximum height

J #68 gives us a general equation for position [in feet]



s(t)=—16t> + (vo)t+(s0)<%é% b
Where v, =v(0) = 1nitial velocity
And s, =s(0) = initial position

Try #73 on page 257 [Since we are in meters, then

m
t)=-9.8 show all integration steps _
a(t) oc? | g sl v () = /OJﬂejC
Is there a general equation for meters? (p) =
| (6)=2m
V(AN = 50(1 e v

= j—m&;&

V&) = —qg5+C

10 = O04+C  Hence C=40
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Homework: page 255 #16 — 34 evens #36, 38, 40, 42 and
page 257 #75, 77, 78 [show all integration steps]
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