Separable Differential Equations
Examples of some separable differential equations with difficult domain issues:

As afirst such example, consider the initial value prablem:
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and if C = 2 the initial condition is satisfied. However, even though this function satisfies the
differential equatian and initial value prablem, itis MOT the solution of this differential equation.
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The reasan for this is that the usual definition of a salution of a differential equation is that af a

differentiable function on an open interval that contains the initial x-value. Motice that the

function in (1} is also defined for x = 0, while our solution must be continuous on an open
interval containing the initial value atx = -1 . Thus the domain of our solution cannot contain
x =0, or positive values, but must include x = -1 . This requires the domain to be the open

interval @ <X <0



As a second example where we need to be careful, consider the initial value problem:
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Choosing C = 0 satisfies the initial condition. We usually like to find explicit solutions, so
solving for v(x) gives
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We notice that this function does not have a derivative at x = 0, so we must add the condition
x = 0 to our equation in (4) in order for it include x = 1 and be a solution of our original initial

0<x <00 oyrinitial condition

—o < x <[]

valu Jhus the domain for our solution in (4) is

/ our salution would be (4) with the domain



For another example where we need to limit the domain of our solution, consider:

If we separate variables and find antiderivatives, we abtain
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Choosing C = -1 allows the initial condition to be satisfied. If we find an explicit sclution by
solving for 3, we find alcsio O = | 4+ C
v(x)=sin( x - 1), . C= - ‘ (6)

and this presents a problem. Fram our original differential equation, and the slope field in
Figure 1 below, we see that our sclution should never have a negative value far its derivative,
whereas our solution in (6) is oscillatory. The problem occurred when we solved equation (5)
for v(x). In (6) we need to limit the domain of our solution to an interval of length T that includes
our initial value and on which the initial sine graph is increasing.
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Thus the correct solution to our prablem is:
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Matice that this domain may also be ritten as 2

Example 5

As afinal example to illustrate the
need to limit the domain of an
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Figure 1
1
“2y+2) t = x4l
: (7)

so the initial condition is satisfied if C = -2. Solving (7) for v(x) gives
4

y(H)=—2+——
(x-2)° (8)
We notice that (8) is valid for all x not equal to 2, and that this solution will have negative slopes

forx = 2 while our original differential equation requires non-negative slopes everywhere. (4
look atthe slope field in Figure 2 below also demonstrates this fact.)

We got into this trouble when we squared both sides of (V) to obtain our explicit solution.
Because the left side of (7) is always negative, we must limit the right side to x + O < 0. Thus
we need to add the condition 20 <2 2 to our solution in (3).

Motice that we could not consider x = 2 in any case, since the domain must be an open

interval containing our initial value x = 0, and not include x = 2, where the saolution is not
defined. This example shows that we may not extend a solution across a discontinuity, even if
the resulting function farmally satisfies the differential equation an the other side of the
discontinuity.
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Figure 2

® [t5 derivative exists for all values in its domain.
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Conclusion

S0 what can we conclude fram these
examples?

1. The process of obtaining an explicit
solution from an implicit solution may
resultin an incorrect solution of our
initial value problem.

2. There may he values of x where the
derivative of the explicit solution does
not exist, even though it formally
satisfies the differential equation.

To avoid these mistakes, we can
always checkto make sure that the
explicit solution is such that:

Faor all parts of the domain, the
derivative of the explicit solution does
not contradict the original differential
equation. (Comparing the slope field
for the differential equation with the
araph of the explicit solution will
display any differences.)



